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Abstract 



Cartan-Weyl basis for the quantum affine superalgebra (7 9 (osp(f |2)) is constructed in an explicit form. 

o 

^ ! 1 Prelinimaries 

1. Affine Lie superalgebra B(0, lp 1 '. The affine untwisted Lie superalgebra (or in other words "Kac 
■ - Moody afhne Lie superalgebra") B(0, 1)W has the rank 2, and its Dynkin diagram is presented by the 

<^ | picture jy 

m 
o 
o 



• Fig.l. Dynkin diagram of the Lie superalgebra B(0, 1)W 

where the dark root a is odd and the white root otQ is even. The corresponding standard A — (a^ ) Cartan 
matrix has the form: 

FT <"> 
> 

The determinant of this matrix is equal to zero: detA = 0. Moreover we shall use the symmetric A sym 
r> ' i a i^ m )i i=o l Cartan matrix: 

A sym _ f («o,«o) («o,a)\ _ /" 4(a,a) -2(a,a)\ ^ ^ 

\ («> a o) a) / \ _2 ( a ' a ) («>«)/' 

and a non-singular extended symmetric Cartan matrix A sym — (a'" m )j j=—i an d a l so its inverse (A sym ) _1 = 

«•),', r 

/0 1 

A sym = 1 4(a,a) -2(a,a) ) , (A sym )~ L = ( 1 ] . (1.3) 

\0 -2(a,a) (a, a) 



In the case of affine Lie (super) algebras it is convenient to number rows and columns of the extended 

-symy 
ij >i,j- 



symmetric Cartan matrix A sym = [p& m ) r i 7 -=_i by — L 0, . . . , r in such way that the first row and column 
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are numbered beginning with -1 then and so on. Here we keep this convention. It is also useful to note 
that the matrix elements of the standard and symmetric matrices are connected by the relation 

2a sym 

a ij syrn • (1-4) 

a ii 

The Lie superalgebra -6(0, 1)W is generated by the Chevalley basis {/id, h a , h ao , e± a , e± ao } with the defining 
relations 

[/i 7 ,/iy] = (7, 7' = d, a , a) , (1.5) 

[ep,e-i3>}= 5p t 0ihp (/?,/?' = a, ao) , (1.6) 

[/i d , e± ao ] = ±e± ao , [/i d , e± a ] = , (1.7) 

[hao, e ±a ] — ±4(a, a)e± ag , [/i ao , e± a ] = T2(a, a)e± Q , (1.8) 
[h a , e± ao ] = T2(a, a)e± ao , [/i Q , e± Q ] = ±(a, a)e± a , (1.9) 

[^iaj [fi±ai [fi±ai [fi±fti [^±cn ^±qq 

]]]]]= 0, (1.10) 

[[e± a ,e± ao ],e±a ] = ■ (i- 11 ) 
Here the supercommutator [•, •] is given by the formula 

[a, 6] = a&- (-l) dcgadogb 6a, (1.12) 

where 

deghd = degh a = degh ao = dege± ao = 0, dcge ±Q = 1 . (1-13) 

It should be noted that a subalgebra generated by the elements h a ,e± a is isomorphic to osp(l|2). A 
subalgebra of 5(0, l)^ 1 ^ generated by the elements /id, h ao , h a is called the Cartan subalgebra TL of affine Lie 
superalgebra 5(0, l)^). It is easy to see that the element 

h 5 :=h ao +2h a (1.14) 

is a center of superalgebra B(0, l)*- 1 -*, i.e. it commutes with every element of £?(0, 1)W 

[/la, everything] = . (1-15) 



From ( 1.14 ) we have that 

h ao = hs - 2/l Q = hs-2a ■ (1-16) 
Moreover taking ([L7n-( |llj ) into account we also obtain that 

(8, a) = (J, S) = (d, a) = , (<5,d) = l. (1.17) 

Frequently we shall also use the notation 8 — 2a instead of ckq. The root 8 — ao + 2a is called the minimal 
positive imaginary root of B(0, 1)W. 

2. Current realization of -8(0, 1) One of remarkable properties of affine Lie algebras is that they 
admit an exact current or loop realization, i.e. there is an isomorphism between affine Lie algebras and some 
extension of current algebras over finite-dimensional simple Lie algebras. In particular this property allows 
easily to obtain the total list of roots and commutation relations of Cartan - Weyl basis for the affine Lie 
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algebras. This property is also valid for the supercase B(0, 1)^ . We briefly remind the current realization 
(see |). 

Let C(g) '■= g[u,u J ] be a linear space of Laurent polynomials in variable u with coefficients from 
a simple finite-dimensional contragredient Lie (super) algebra <?, i.e. any element x £ £{g) has the form 
x = ^2 n ^o, n u n where all but a finite number of e g are 0. We specify a Lie (super) algebra structure on 
C{g) with the (super)bracket [•, -]o defined as follows 

[au n , bu m } = [a, b] u n+m (a, b G g; n, m €Z) ■ (1.18) 

It should be noted that the ^-grading function on C(g) is defined by the condition 

degau™ = dega . (1-19) 

Let (• | •) be a non-degenerate invariant supersymmetric bilinear CD- valued form on g. In the case of 
superalgebra osp(l\2) such form is the Killing form and it is unique up to a constant multiple. We extend 
this form by linearity to an C[u, u _1 ]-valued bilinear form (-\-)c on £(g) by 

{au n \bu m ) c = (a\b)u n+m {a,b G g; n,m€Z). (1.20) 

We also define the derivation £^ of the Lie (super)algebra C(g) by 

— (au n ) = a(u n y = nau n - 1 (a € g; n eZ) . (1.21) 
du 

Now one can define a (C-valued 2-cocycle •) on the Lie (super) algebra C{g) as follows: 

i;(x,y)=Res(J^{x)\y S J . (1.22) 

where the linear function (residue) Res is defined by usual way, i.e. Res p(u) — c_i if p(u) = c^u k 
(cfc G CD). In particular, for x — au n , b = bu m (a, b G g; n,m £Z) we have 

ip(au n , bu m ) := nS n> - m (a\b) . (1.23) 

Recall that C-valued 2-cocycle on a Lie (super) algebra A is a bilinear (D- valued function •) satisfying 
two conditions: 

1>(x,y) - (-l) 1+dc ^ d °g^(y,^ , (1-24) 

(-l) desxdeg *<K[z,y],*) + (-l) dcg2dcs ^([z,2/],x) + (-l) de ^ d ^([x,z},y) = . (1.25) 



for any homogeneous elements x,y, z G A. It is not difficult to check that our function (1.22) satisfies these 
conditions. 

Denote by C(g) the extension of the Lie (super)algebra C(g) by a 1-dimensional center, associated to the 
cocycle ip. Explicitly the (super) algebra Lie C(g) is the direct sum of vector spaces: 

C{g) = C{g) CDc . (1.26) 

with the (super)bracket defined by 

[au n + \c 7 bu m + llc] = [a,b]u n+m + nS n ^ m iP(a\b)c (a,b G g; n,meZ; A,/i€(D) . (1.27) 

Finally we denote by C(g) the Lie (super) algebra which is obtain by adjoint to C(g) a derivation d which 
acts on C(g) as and kills c. More explicitly, C{g) is a complex vector space 

c( g ) = £( 3 )ecccecd . (1.28) 
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with the (super)brackets defined by 

[au n + AiC + /Ltid, bu m + A 2 c + pL 2 d] = [a, b]u n+m + nS n - m (a\b)c + fiimbu" 1 ~ n 2 nau n . (1.29) 

for any a,b <E g; n,m <Effl; \\, fix, A 2 , /i 2 € CD) . The (super) algebra C(g) is often denoted as g and if it is 
isomorphic to t/W then g is called the current realization of g^ . 

In our case, i.e. when g — osp(l\2), we can show that the superalgebra B(0, l)^ is isomorphic to 
osp(l|2). The isomorphism is arranged as 

hd l— ► d , hg 1— ► c, /i Q i— > h a , (1.30) 



e±Q i-^e ±Q , e±ff_ 2a ) i-» 2 , e_ 2a M ±1 . (1.31) 

This isomorphism immediately allows us to describe the total root system and the root space decomposition 
of B(0, 1)W with respect to the Cartan subalgebra 7i since such description is easy obtained for oip(l|2). 
Indeed, the elements h a u n , e± a u n , e±2 a u n for all n are weight vectors with respect to H = (Sh a @ CCc© (Ed 
and they form a basis in C(osp(l\2)). Let S be a linear function on TL defined by <5 \(£h ol +<£c = 0, 8(d) = 1 
then the total root system of osp(l|2) has the form 

A := {nS ± a; nS ± 2a; nS (n ^ 0) | n £%} (1.32) 

and its root space decomposition can be presented as 

osp(l|2)=«8 (0oip(l|2) 7 ) , (1.33) 



where 



6sp(l|2) n5 ±a = CDe ±Q M n , oip(l|2)„a ±2a = (De± 2a u n (n eZ) , (1.34) 
osp(l|2) n<5 = ®h a u n (nel\{0}). (1.35) 



We set 



e n s±2a = (-1)" 4/ ; 2 , e ±2a M", e- n s T2a = \ , 2 , e T2tt ti ", (1.36) 

V («.") V 

e„5± Q = ±(-l)"e± a w" , e_„5 TQ = ±e_ Q u~™ , (1-37) 

(_!)«+! _1 

e„s = h a u n , e_„ 5 = —==h a u ™ . (1.38) 



where n \ {0}. The formu las (1.36|)-(|l.38| ) are called the cu rren t realiz ation of the affine root vectors 



of B(0, 1)W. The root vectors ( 1.36 )-( |l.3g| ) satisfy the relations ( |3 . 3[ ) - ( 3 . 1 5 ) where q = 1. In particular we 
have 

[e n 5~2a, e-nS+2a] = (~ 1)" +1 h n S-2a > [e n 5+2a> e_ n 5-2a] = ( _ ^) n+1 h n $+2a , 

[&n8 — ai& — n5+a\ ( 1) hnS — a: [&n5-\-a 7 n8 — o] ( 1) ^nt5+cn (1.39) 

[e n s,e- nS ] = (-l) n h nS , 
where n \ {0}. 



4 



Now we return to the root system (|l.3Cl|) . The roots nS (n £% \ {0}) are called imaginary roots, the 
remaining ones are called the real roots. Moreover we have A = Ao + Ai, where Ao = {±2a; nS ± 2a, nS \ 
n GZ\ {0}} is the even root system and Ai = {nS ± a \ n E%} is the odd root system. The positive root 
system is 

A + := {a, 2a; nd ±a,nS± 2a, nS \ n e%+ \ {0}} . (1.40) 

We denote by A + the reduced system of positive roots, which is obtained from A + by removing the double 
real roots 2a, 2n<5± 2a (n \ {0}). It is convenient to present the total root system A by the picture ||]: 



-3<5 + 2a 
o 


-28 + 2a 
O 


-5 + 2a 
O 


2a 
o 


6 


+ 2a 

O 


25 + 

o 


2a 


3<5 + 
o 


2a 


45 + 
o 


2o 


-35 + a 
• 


-25 + a 
• 


-5 + a 
• 


a 
• 


5 


+ a 
• 


25 + 
• 


a 


3(5 + 
• 


a 


45 + 
• 


a: 


-3<5 
o 


-25 

o 


-5 
o 






o 


2(5 
o 




3<5 
o 




15 

o 




-35 -a 
• 


-25 - a 
• 


—5 — a 
• 


—a \ 
• 


5 


— a 
• 


25- 
• 


a 


3(5 - 
• 


a 


45- 
• 


a 


-3<5 - 2a 
o 


-25 - 2a 
O 


-5 - 2a 
O 


-2a 
O 




J- 2a 


25- 
o 


2a 


3(5 - 
o 


2a 


45- 
o 


2a 



Fig. 2. The total root system A of osp(l|2) 

The picture of the reduced root system looks as follows: 



-35 + 2a 
o 




-5 + 2a 
O 




5 


+ 2a 
O 




35 + 2a 
o 




-35 + a 
• 


-25 + a 
• 


-5 + a 
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a 
• 
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+ a 
• 


25 + a 
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35 + a 
• 


45 + a 
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-35 
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-25 
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-5 
o 






<5 
o 


25 
o 


35 
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45 

o 


-35 - a 
• 


-25 - a 
• 


—5 — a 
• 


—a \ 
• 


5 


— a 
• 


25 - a 
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35 - a 
• 


45 — a 
• 


-35 - 2a 
o 




-5 - 2a 
O 






J -2a 




35 - 2a 
o 





Fig. 3. The total reduced root system A of osp(l|2) 



2 Defining relations of U q (6sp(l\2)) 

The g-deformation of the universal enveloping algebra (osp(l|2)) (or in other words the quantum affine 

superalgebra C/ g (osp(l|2))) is generated by the Chevalley elements kf 1 :— q ±hd , k^ 1 ■= q ±ha , kf} 2a := 
q±h s „ 2a ( e±Qj e±(5_ 2a ) with the defining relations j|, |J] 

k-yk- 1 = = 1 ( 7 = d, a, 8 -2a), (2.1) 

[Aj±fc±]=0 (7,y = d,a,*-2a), (2.2) 

k^k- 1 = g ±( ^ ) e ±/3 (fi = a, 6 - 2a; 7 = d, /3) , (2.3) 

[ep, e-y] = 5f,,p k lZ^L ^ 0' = a,5- 2a) , (2.4) 

[e± a , [e±aj [e± a , [e±a, [e± a , e±(a_2a)]g]g]g]«]« = ^ 1 (2-5) 
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[[e±a, e±(8-2a)]q, e ±(S-2a)]q = , (2.6) 

where the g-bracket [•, -] q means the following g-supercommutator 

[e , ef) ,} q = W - (-l)»(PW) q W) e0iefj , (2 . 7) 
where the following notation is used 

d(f3) := degep . (2.8) 

A Hopf structure of the quantum superalgebra J7 9 (osp(l|2)) is given by the following formulas for a 
comultiplication A q , an antipode S q and a counit e q : 

A q (k^) = fc* 1 ® k* 1 , A q (ep) = e ® 1 + hp 1 ®e , (2.9) 

Aqie-p) = e_/3 ® kp + 1 <8> , (2.10) 

S^fc^ 1 ) = fcj" 1 , S q {ep) = -kpep 7 S q (e-p) = -e-pk^ 1 , (2.11) 

e g (fe± 1 ) = l, e g ( e±/3 ) = 0, (2.12) 
where /3 = a, 6 — 2a; 7 = d, a, 5 — 2a. 

3 Cartan-Weyl basis for t/ q (6sp(l|2)) 

A general scheme for construction of Cartan-Weyl basis for quantized Lie algebras and superalgebras was 
proposed in ||. The scheme was applied in detail at first for quantized finite-dimensional Lie (super) algebras 
|| and then to quantized non-twisted affine algebras || . 

This procedure is bases on a notion of "normal ordering" for the reduced positive root system. For affine 
Lie (super)algebras this notation was formulated in § (see also §, @, ||). In our case the reduced positive 
system has only two normal orderings: 

a, 5 + 2a, 8 + a, 38 + 2a, 28 + a, . . . , 008 + a, (2oo + 1)8 + 2a, (00 + 1)5 + a, 8, 28,..., 

(3.1) 

00S, (00 + l)nS — a, (2oo + 1)5 — 2a, 00S — a, ... ,28 — a, 38 ~ 2a, 8 — a, 8 — 2a, 
8 — 2a, 8 — a, 38 — 2a, 28 — a, ... , 008 — a, (2oo + 1)5 — 2a, (00 + l)n5 — a, 8,28, ... , 

(3.2) 

00, (00 + 1)5 + a, (2oo + 1)5 + 2a, 008 + a, . . . , 28 + a, 38 + 2a, 8 + a, 8 + 2a, a. 



The first normal ordering (3.1 corresponds to "clockwise" ordering of positive roots on Fig. 3 starting from 



root a to root S — 2a. The inverse normal ordering (3.2) corresponds to "anticlockwise" ordering for the 
positive roots when we move from S — 2a to a. 



We choose the normal ordering (3.1 and in accordance with the procedure M, m, ffl we put 



e<s-a — [e a , es^2a] q , e-8+a ■= — [e-d+2a, e- a ] q -i , (3.3) 



'a \/a 

J_r - 1 -J- 



e-s '•= — [e a ,es-2a]q, e_ 5 := — [e_ 5+Q , e_ Q ] 9 -i , (3.4) 



e-nS+a '■= ^=[e( n -l)«+et) Cj] , C-nS-a '■= — ^ [e~S, e_(„_i)j_ a ] , (3.5) 



1 \* * 1 .- 1 



e -(n+l)5+a := — [e-nS+a, G-s] 7 (3-6) 
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e (2n-l)c5+2a : ~ ~ /= [ e (n- l)5+a i e Il( 5 +ce ] ? , (3-8) 

v a 

e -(2n-l)5-2a : = ~~7=[ e -nS-a, e -(n-l)8~a\q- 1 , (3-9) 



-(2n 



+ 1)5-2q : — — ^[ e (n+l)(5-Q! e n S- a ]q , 
V a 



(3.10) 



e -(2ri+l)5+2a : ~ ~ p [e- n( 5+a j e_( n+1 )5 +Q ] g - 1 , (3-H) 



la 



for n = 1, 2, . . ., where a = [2(a, a)] and — [2 ( a, a) ] — [(a, a)]. 



The constructed set of the root vectors ( p.3|) -( p.9[ ) (together with the Chcvalley basis) is called a q-analog 

Cartan-Weyl basis of f/(oip(l|2)) or a Cartan-Weyl basis of the quantum algebra C/ 9 (osp(l|2)). Now we 
present the commutation relations for the vectors of this basis. 

Proposition 3.1 The root vectors e±( nS+a) , e ±(ll5 _ Q) , e ± ^ 2n -i)5-a) , and e ±( ( 2n+1 ) 5+2a ) satisfy the follow- 
ing commutation relations 

[e-nS+oi, e- n <5-a] = (— 1) _ ± , (3-12) 

[en5-a> e-n8+a] = (-l)™" 1 7 ~ ' (3.13) 

q-q 

_ k {2 n-l)S+2 a ~ fc(2n-l)5+2a 1 .> 

L e (2n-l)5+2a> e -(2n-l)«-2aJ — _ } > (A 14 ; 

r -i _ fc (2«+l)<5-2a - ^(2^+l)«5-2« , . 

[ e (2n+l)(5-2Q! e -(2n+l)<5+2aJ — _ _i ; (O.iDj 

where n = 1, 2, 

The sector with imaginary root vectors requires the redefinitions of the generators (3.7). We introduce the 
new imaginary roots vectors e± n s by the following (Schur) relations (see 0, || Q): 

e'„ 5 = V (g-g- 1 ) * \ e s r.~{e nS )*». (3.16) 
,„ r - ! pi!---_p„! 

pi+2p2 + . . .+np n — n 

In terms of generating functions 

£'(u):=(q-q- 1 )Y,e'nSU- n , (3.17) 

n>l 

£(u) = (q- q- 1 ) 2 e„ 5 u-" (3.18) 



the relation ( |3.16 ) may be rewritten in the form 

£'(it) = -l + exp£(u) (3.19) 

or 

£ (u) = ln(l + £' (u)) • (3.20) 
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This provides the formula inverse to (3.16) 



* - (g 1 -9)^^ [(TZ^JPi " 1)L /Pl ,Pn ( n or] 

e n s - 2^ Pl i... p I e 5 ' ' ' e n« ■ I 3 - 21 ) 

i o , , PI- Pn- 

The root vectors of negative roots are obtained by the Cartan conjugation (*): 

e-nS = (e„a)* • (3.22) 



Proposition 3.2 The root vectors e± n $ satisfy the following commutation relation 

q-q~ 

where n, m = 1, 2, 



[e n 6, e- mS ] = 5 n J—^- (q n ^ + q n ^ - l) [n(a, a)] knS V , (3.23) 
nb V / q — q 1 



Remark. The root vectors e'_j_ n(5 do not satisfy the relation (3.18), i.e. [e n $, e_ m a] 7^ for n 7^ m. 

4 Final Remarks 

In this note we restricted ourselves to the description of Cartan- Weyl basis. Related results (g-Weyl 
group, automorphisms introducing real forms, universal i?-matrix, classical r-matrix) will be published in 
our subsequent publication. 
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